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Project management (PM) is one of the prominent fields in business and industry. Every task of an organization can be 

imagined as a project, being a coordinated set of activities toward a common goal. One important aspect of PM is 

analysing the information related to the optimum balance among the project’s objectives. Each project is a combination of 

different activities, being connected to each other and having several success criteria, among which the time, cost and 

quality of the project completion are more significant, due to their significant effect on obtained results. Accordingly, the 

time might lead to delay and penalty which means more cost; and cost may be underestimated than real required funds. 

They both will lead to failure in project management. On the other hand, quality is the final key which confirms the 

success. The aim of a time-cost-quality trade-off problem (TCQTP) is to select a set of activities and an appropriate 

execution mode for each activity; the cost and time of the project is minimized while the project quality is maximized. The 

purpose of this paper is to present a model for TCQTP in which these parameters are approximated by grey numbers. 

Since there are various modes to accomplish each activity, the trade-off problem is formulated based upon a multi-

objective integer grey programming model. Afterwards, a goal programming- based approach is designed to solve this 

model. The model's results provide a framework for the project manager to manage his/ her project successfully, in 

acceptable time, with the lowest cost and the highest quality. The main originality of the proposed model is the 

approximation of time, cost and quality parameters of activities mode with grey numbers and the development of a two 

phase goal programming- based approach to solve this problem. Ultimately, the proposed model is applied in two 

different cases and results are illustrated to clarify the outstanding capabilities of the model. 

 

Keywords: the iron triangle, project management, time, cost and quality trade-off; grey numbers; integer goal 

programming. 

 

Introduction 

Project management is one of the most important 

fields in business and industry. Every task in an 

organization can be taken into account as a project, i.e. a 

temporary endeavour undertaken to produce a unique 

product, service or result (Lewis, 2010). In this context, the 

purpose of the project management is to foresee or predict 

as many dangers and problems as possible and to plan, 

organize, and control activities so that projects are 

completed successfully in spite of all the risks (Lock, 

2007). Many have attempted to define project 

management. According to PMBOK Guide, the nine 

knowledge areas in project management are project 

integration, time, cost, quality, human resources, 

communication, risk and procurement management (PMI, 

2008). Research studies investigating the reasons why 

projects fail, provide lists of factors believed to contribute 

to the project management success or failure. There are 

three main points that are the most important to a 

successful project: (1) a project must meet the customer 

requirements, (2) it has to be within budget, and (3) it has 

to be on time (Rasmy, 2008). These three criteria are often 

referred to as The Iron Triangle (Atkinson, 1999). 

One important aspect of project management is to 

know about the information related to the optimum balance 

between the project’s objectives. According to the iron 

triangle, time, cost and quality are important objectives of 

a project. Heretofore, extensive research to develop cost-

time trade-off problems has been conducted. Nowadays the 

quality of a project is also added to the project time and 

cost. The aim of a time-cost-quality trade-off problem 

(TCQTP) is to select a set of activities and an appropriate 

execution mode for each activity so that the cost and time 

of the project is minimized while the project quality is 

maximized (Shahsavari-Pour et al., 2010).  
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The problem of the project’s time-cost trade-off was 

first studied by (Kelly, 1961). He assumed a linear relation 

between time and cost of an activity and offered a 

mathematical modelling and a heuristic algorithm (but one 

that leads to optimal solutions) to solve the problem. By 

assuming that the direct cost of an activity varies with 

time, mathematical programming models were developed 

to minimize the project’s direct cost (Babu & Suresh, 

1996). Many researchers have developed mathematical 

programming model for the cost and time trade-off 

problems hereafter.  

(Khosrowshahi, 1995) presented the relationship 

between project’s total cost and project’s total duration for 

a given type of project and represented this relationship in 

mathematical form. (Phillips, 1996) presented an 

application oriented procedure to solve the project 

management duration/ resource trade-off problem. A 

procedure is presented to reduce a project from a normal to 

a crash duration state at a minimum amount of additional 

resource expenditure assuming a linear utilization function. 

The procedure was a network based on using a graphical 

cut search approach to locate the minimal resource level at 

each reduction in total project duration. (Babu & Suresh, 

1996) were the first who suggested that the quality of a 

completed project may be affected by project crashing. For 

the sake of simplicity, they adapted the continuous scale 

from zero to one to specify quality attained at each activity. 

The overall project quality is a function of quality levels 

attained at the individual activities. They developed 

optimization models involving the project time-cost-

quality trade-off which would assist in expediting a project 

weighing time-cost-quality triangle. Each of the three 

developed models optimizes one of these three entities by 

assigning desired levels (bounds) on the two others. 

(Demeulemeester et al., 1998) described a new exact 

procedure for the discrete time/cost trade-off problem in 

deterministic activity-on-the-arc networks of the CPM 

type, where the duration of each activity is a discrete, non-

increasing function of the amount of a single resource 

(money) committed to it. The objective is to construct a 

complete and efficient time/cost profile over the set of 

feasible project durations. (AbdelSalam & Bao, 2000) 

implemented a linear programming formulation to solve 

this problem through a truly interactive computation 

environment. (Vanhoucke, 2007) presented an 

electromagnetic meta-heuristic algorithm for the discrete 

time/cost trade-off problem. (Cohen et al., 2007) 

considered the problem of allocating resources to projects 

performed under given due dates and stochastic time–cost 

trade-off settings. They showed how to implement a state-

of-the-art methodology known as “robust optimization” to 

solve the problem in particular. (Abbasnia et al., 2008) 

investigated a new approach in solving time-cost trade-off 

problem, because of uncertainties which affect activity 

cost. Fuzzy logic theory is employed to consider 

uncertainties affecting total direct and indirect cost of a 

construction project. Non-dominated Sorting Genetic 

Algorithm (NSGA) is applied to provide a trade-off 

between time and total cost. (Iranmanesh et al., 2008) tried 

to determine optimal solutions from which the project 

manager will select his desirable choice to run the project. 

Their problem was multi-objective and the purpose was to 

find the Pareto optimal front of time, cost and quality of a 

project and a meta-heuristic method is developed based on 

a version of genetic algorithm specially adapted to solve 

multi-objective problems namely fast PGA. (Mokhtari & 

Aghaie, 2009) determined the optimal levels of activity 

durations and activity costs, which satisfied the project 

goal(s), led to a balance between the project completion 

time and the project total cost. In this paper, TCTP (Time-

cost trade off problem) would be studied considering the 

influence of discount on the re-source price, using genetic 

algorithm (GA). (Senouci & El-Rayes, 2009) presented a 

multi objective optimization model that provides new and 

unique capabilities including generating and evaluating 

optimal/near-optimal construction resource utilization and 

scheduling plans that simultaneously minimize the time and 

maximize the profit of construction projects. (Blaszczyk & 

Nowak, 2009) analyzed a project-scheduling problem 

including time-cost and trade-offs proposing a new 

technique based on computer simulation and interactive 

approach. (Nikoomaram et al., 2010) developed a model by 

attending to time value of money (TVOM), which was not 

considered in previous research. Shahsavari (Pour et al., 

2010) developed a model for discrete time-cost-quality 

trade-off problem that uses the planner-specified weights for 

handling a multi-objective optimization problem. They 

proposed a new metaheuristic-based genetic algorithm, 

called NHGA, for optimizing a multi-objectives time-cost-

quality trade-off problem and analyzed it by the analysis of 

variance (ANOVA) method. (Razavi Hajiagha et al., 2014) 

developed a multi objective model of time, cost and quality 

trade-off in continuous mode. 

The main contribution of this work is to consider the 

uncertainty concept in TCQTP. As (Riabecke, 2006) 

suggests, under many conditions, exact data are inadequate 

to model the real-life situations. These situations are called 

as uncertainty and many researchers developed some 

structures such as bounded data, ordinal data, fuzzy data, 

and grey numbers in response to such situations. In fact, 

most of the decisions aren’t made on the basis of well-

known calculations and there is a lot of ambiguity and 

uncertainty in decision making problems. This condition 

can occur for a trade-off problem in which the analyst has 

to estimate the cost, time and quality approximations of a 

project’s activities. Estimation of these parameters by exact 

and crisp values is difficult and perhaps impossible. 

Furthermore, this can limit the applications of TCQTP 

models and reduces its accuracy and coincidence with 

reality. Therefore, a new model for considering the 

impreciseness of environmental coefficients is suggested in 

this study. This study proposes a method which uses a fuzzy 

grey goal programming (FGGP) approach to model the 

TCQTP. In this FGGP model, goals values are defined as 

fuzzy numbers, while parameters (including objectives and 

constraints coefficients) are specified by grey numbers.  

The rest of the paper is organized as followings: 

section 2 briefly introduces grey numbers. Section 3 

presents the process of problem modelling. The problem 

solving approach is explained in section 4. Then two 

illustrative examples are solved in section 5. Finally 

Section 6 consists of conclusions and suggestions for 

future work. 
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Grey Systems Theory 

Deng (1982) developed the Grey systems theory and 

presented grey decision making systems (Deng, 1989). 

Many researchers applied this concept in decision making 

problems. In simple words, a grey number is a number 

whose exact value is unknown, but a range within which 

the value lies is known (Lin et al., 2004). Such a number 

instead of its range whose exact value is unknown is 

referred to as a grey number. In applications, a grey 

number in fact stands for an indeterminate number that 

takes its possible value within an interval or a general set 

of numbers. This grey number is generally written as " ". 

There are several types of grey numbers, but we have only 

defined interval grey numbers here. This kind of grey 

number  is written:    aaa , , where a  stands for the 

definite, the known lower bound and a  stands for the 

definite, the known upper bound of  a  and  a  takes 

its number in this interval (Liu & Lin, 2010). A 

comprehensive review on Arithmetic operations of grey 

numbers is illustrated by (Liu & Lin, 2006). The main 

algebraic operations are defined on grey numbers as follows. 

Definition1. Let    aaa ,  and    bbb ,  be two 

grey numbers. Then, 

(1)  21,2121 GGGGGG   

(2)  21,2121 GGGGGG   

(3) 
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Definition2. For grey number    bax , , that: 
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Definition3. For a grey number    bax , , the 

centre and width can be defined as follows:  
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Model Construction 

A project is represented by a directed acyclic graph 

 EVG ,  consisting of m nodes and n arcs, in which 

 mV ,,2,1   is the set of nodes and     mljiE ,,,,   

is the set of direct arcs. Arcs and nodes represent activities 

and events, respectively. Each project activity, say 

  Eji , , can be executed by a set of modes, ijM . Each 

ijMk  needs a grey execution time of ijkt , grey cost of 

ijkc  and  grey quality of ijkq . For different values of k, 

ijkt , ijkc  and ijkq take different values.  

The aim of this paper is to obtain the optimal 

combination  ijkijkijk qandc,t   of each activity to 

crash the project network. And while the cost and time of 

the project is minimized, the project quality is maximized. 

Notations used for problem formulation are as follow: 

n: Number of activities 

ijM : Set of available execution modes for activity ij, 

where Eij ; 

ijkC : Direct cost of activity ij if performed by 

execution mode k; 

ijkt : Duration of activity ij if performed by 

execution mode k; 

ijkq : Quality of activity ij if performed by execution 

mode k; 

ijQ : Quality of activity ij in normal duration; 

ijq : Quality of activity ij in crashed duration. 

The proposed model’s variables are: 

is : start time of activity ij.  





otherwise:0

modeindoneisactivityif:1
:

kij
yijk  

The mathematical model of problem is presented as: 

 

 

 

 

 

 

 
 

 

 

The model (7) is a grey multi objective mixed integer 

(GMOMI) model. To solve this model, a transformation 

approach is used.  

Solving Approach 

In CTQTP there are a number of execution modes to 

select for each activity. If the number of project activity is 

n and there are k modes for each activity to choose from, 

then there is nk  solution, which results in a very large 

search space. The complexity of the examined problem is 

increased when the activities parameters are considered as 

grey numbers. Therefore, it is necessary to develop some 

efficient methods to solve the problem. Some papers are 

devoted to design procedures to solve multi objective 

integer programming problems (Liu et al., 2000; 

Jahanshaloo et al., 2003, 2005). Here, a method is 

developed to solve the model (7) based on approach 

(Charnes & Cooper, 1961). The goal programming 

approach tries to find an optimal solution which has the 

least deviation from a set of target points. Therefore, a 

main step in this approach is to determine a set of targets 

for individual objectives. The proposed approach for 
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TCQT problem is therefore composed of two steps: (1) 

determination of target points for individual objectives, (2) 

development and solving the goal programming model to 

find the compromise solution of the entire problem.  

Determination of Target Points 

In the first step, three distinct models are solved, for 

each one of objectives. In fact, there are three grey integer 

programming models. To obtain an optimal range for each 

individual grey problem, each problem is solved under two 

boundary conditions, one for the best condition and one for 

the worst condition. In the best condition, each activity is 

done in its best form with the lower bound time, lower 

bound cost, and upper bound quality. This problem is 

called optimistic model. In this form, the problem (7) is 

transformed as follows: 

 

 

 

 

(8) 

 

 

 

 
 

Now, by solving each objective with the set of FS 

constraints, the 


C , 


T , and Q  are determined. In the 

next step, activities are considered in the worst possible 

condition with the upper bound time and cost and the 

lower bound quality. A model similar to model (8) is 

constructed as follows: 
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Solving individual objectives of model (9) with the 

SF   constraints, the 
C , T , and 


Q  are determined. 

Goal Programming Formulation 

Consider the problem (7). The target values for cost, 

time and quality objectives are determined as  
CC , , 

 
TT , , and  

QQ , , respectfully. In this step, a goal 

programming model is developed to minimize the 

undesired deviations from target values as follows: 
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Where, the 
id

 
and 6,,2,1,  idi  are the negative 

and positive deviations from target values. The objective 

function (15) tries to minimize the total deviation from 

target values. The project manager may have some 

preferences over different objectives. In this case, he/ she 

can introduce some weights in objective function. 

Therefore, the objective function is transformed as follows: 


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Where, 1kk pp  , kP  is the objectives in k
th

  

preference, and “  ” is the “logical or” operator. The 

model (15) is an integer linear programming problem 

which can be easily solved with available applications. The 

optimal solution of this model determined the best feasible 

solution with the lowest deviation from optimal individual 

solutions. The computational complexity of the algorithm 

is associated with solving a mixed integer or pure 0/1 

problem which can be solved with ordinal optimization 

packages in a reasonable time. 

A critical issue in multi-objective problems is to find a 

Pareto optimal or efficient set of solutions. In a multi-

objective problem with k objectives   klxfl ,,2,1,   

over a feasible space X, a solution Xx 0  is called Pareto 

optimal if and only if there does not exist another Xy

such that    0xfyf ll   for all l and    0xfyf ll   for at 

least one p (Abraham et al., 2006).in fact, a solution x0 is 

Pareto optimal if and only if there does not exist another 

solution y that performed equally in all objectives and 

outperformed it at least in one objective. 

It now remains to show that the solution obtained from 

solving model (10) is a Pareto optimal solution of multi-

objective TCQTP. This is done in the following lemma. 

Lemma. If *
0y  is an optimal solution of model (10), it 

will be a Pareto optimal solution of multi-objective 

TCQTP in model (7). 
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Proof. On the contrary, suppose that *
0y  is not a Pareto 

optimal solution of model (7). Therefore, there is another 

solution 1y  that outperformed *
0y . Without loss of 

generality, suppose that 1y  and *
0y  has equal time and 

quality, i.e. *
01 yy TT  and *

01 yy QQ  , while it has a lower 

cost, i.e. *
01 yy CC  . Therefore, 

  *
01 33 yy dd , 

  *
01 44 yy dd , 

  *
01 55 yy dd  and 

  *
01 66 yy dd . However, since *

01 yy CC  , 

then it must hold that 
  *

01 11 yy dd  or 
  *

01 22 yy dd . It 

follows that: 

 
 
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*
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*
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*
0

*
0

111111

654321

654321

yyyyyy

yyyyyy
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That contradicts with the optimality of *
0y  for model 

(10). It completes the proof.  

Illustrative Examples 

Example1. First consider an illustrative example, 

include 3 activities, which is shown in figure 1. 

 

 

Figure1. An illustrative network consisting of three 

activities Each activity has two different modes which are 

presented in table 1. According to table 1, the TCQT 

model, Eq. (7) can be written as Eq. (12). 

Table 1 

Activities execution parameters in different modes 

Activity 
Modes 

1 2 

1-2     8.0,7.05,34,2      9.0,8.04,22,1  

2-3     9.0,8.05,43,2      9.0,8.07,66,5  

3-4     8.0,7.07,65,3      8.0,7.09,87,5  

 

 

 

 

 

(12) 

 

 

 

 

 

 

 

In this example, total number of execution modes is 

823   and the optimal solution can easily be obtained by 

complete enumeration. The Eq. (8) for this example is 

constructed as follows: 
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By solving three distinct problems to minimize the C , 

T , and Q , the solutions will be 12


C ,  6


T , and 

867.0Q . Similarly, the pessimistic model is 

formulated as Eq. (14): 

 

 

 

 

(14) 

 

 

 

 

 

 

By solving this model for three different objectives, the 

following results will be obtained: 16C ,  10T , 

and 767.0


Q . In the last step, to obtain the final 

solution of the problem, the following goal programming 

model, Eq. (10), is formulated for this problem. 

The optimal solution of model (15) is obtained as and, 

with an objective value of zero. Therefore, in this example, 

the target values are completely satisfied without any 

deviation. The associated time, cost and quality of this 

activity combination are [6, 10], [12, 16], and [0.767, 

0.867].  
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Example 2. Suppose that a project consists of eight 

activities based on data illustrated in table 2. The project's 

graph is illustrated in figure 2. 

 
Figure 2. Project's graph
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Project data 
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This example includes 5832 solutions which make it so 

hard to complete enumeration of its solutions to find the 

efficient solutions. Therefore, the proposed goal 

programming-based approach will be used. Optimizing 

three single objective functions C, T, and Q, the following 

results are obtained:  5.20,13T ,  69,5.50C , and 

 84375.0,75.0Q . Then the goal programming model is 

formulated as follows: 
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(16) 

Where, FS  and SF   are constructed as explained 

before. The solution of model (16) is as follows:  

     84375.0,75.0,71,51,22,15
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Now, suppose that the project manager takes different 

weights for time, cost and quality goals, as 5, 2, and 3 

respectfully. Then the objective function of model (16) is 

replaced with the following one: 

       654321 235 ddddddMin
 

(17) 

Solving the objective function (17) with the same 

constraints as in model (16), the following results will be 

obtained: 
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In this phase, the project manager can make his/ her 

decision in regard to how different activities can be done. 

Conclusion 

Every task of an organization can be imagined as a 

project, which is a coordinated set of activities toward a 

common goal. Each project is a combination of a set of 

different activities which are connected to each other. Each 

project has several success criteria, among which the time, 

cost and quality of the project completion are very 

important. Project managers always try to find the best 

form of performing a project activity. In fact, each task can 

be done with different modes of time, cost and quality. 

Therefore, the time, cost and quality trade-off problems, 

which can have a major impact on the project success, are 

one of the most challenging factors in project management. 

On the other hand, the TCQT problems are always a 

subject of uncertainty. It is clear that determination of a 

task’s exact time, cost and quality prior to its completion is 

a difficult task. In this paper, a model is proposed for 

TCQT problems, in which there are a set of different 

modes for each project, and the time, cost and quality of 

each mode are approximated in an interval. The proposed 

algorithm used a two-stage method to solve this problem. 

In stage one, the optimal solution of the problem is 

determined under the best and worst modes of activities. 

Then in the second stage, a goal programming model is 

developed to minimize the total deviation from the 

solutions of stage one. In each stage, it is sufficient to solve 

some linear integer problems, which are possible with 

ordinal applications, like Lingo. The proposed method 

provides a logical, feasible and solvable framework for the 

discrete TCQT problems under uncertainty. Future 

research can be focused on the different shapes of 

uncertainty in parameters approximation and development 

and comparison of different methods with the proposed 

one. 
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