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The decision-making process on investing in financial markets is a very complex and difficult task, mainly due to the chaotic 

behavior and high uncertainty in the development of the prices of investment instruments. For this reason, financial markets 

are increasingly using means of artificial intelligence, namely fuzzy logic, which is able to capture the nonlinear 

behavior.Fuzzy logic provides a way to draw definitive conclusions from vague, ambiguous, or inaccurate 

information.However, there are some drawbacks associated with type-1 fuzzy logic, so the type-2 fuzzy logic comes forward, 

which can work with greater uncertainty. Type-2 fuzzy logic works with a new third dimension fuzzy set that provides 

additional degrees of freedom and allows to model and process numerical and linguistic uncertainties directly. The paper 

applies type-2 fuzzy logic to the stock market with the aim to create a simple and understandable model for deciding on 

investing in investment instruments, which is important for investors in this area. The proposed type-2 fuzzy model uses 

return, risk, dividend and total expense ratio of ETF as input variables. The created system is able to generate aggregated 

models from a certain number of language rules, which allows the investor to understand the created financial model. Using 

type-2 fuzzy logic can lead to more realistic and accurate results than type-1 fuzzy logic. 
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Introduction 
 

Currently, linear models are widely used for 

forecasting, but these models are greatly limited, especially 

when applied to seasonal and nonlinear uncertainty issues. 

Hence, nonlinear methods such as neural networks, fuzzy 

logic, and genetic algorithms attract more and more 

attention. Fuzzy Logic provides a way to draw definitive 

conclusions from vague, ambiguous, or inaccurate 

information. An artificial neural network is widely accepted 

mainly because of its ability to learn and reveal relationships 

between non-linear variables. Many researchers agree that 

artificial intelligence surpasses traditional models based on 

statistical regressions, as reported by Tung & Le (2017). In 

particular, fuzzy logic is able to work with inaccurate data 

and information in a relatively simple way as well as to 

understand the meaning of words in natural language. 

Surprisingly, fuzzy logic, unlike other techniques, is able to 

use such vaguely defined expertise to its advantage. Zadeh 

(1965) called this fact the principle of incompatibility, 

because fuzzy logic is able to capture the relationship 

between the relevance and accuracy of information. Zadeh 

(1965) adds that in a number of situations a person decides 

on the basis of inaccurate or indeterminate information that 

is gathered from outside, yet the result of the activity 

obtained from these vague data is still sufficient. The 

potential of fuzzy logic to improve forecasting models can 

be found in various applications (such as Jana & Ghosh, 

2018) due to its known ability to bridge the gap between 

numerical data (quantitative information) and language 

expression (qualitative information),  

In particular, financial markets are influenced by 

deterministic and random factors. Furthermore, Dostal & 

Lin (2018) add that the time series of stock titles, 

commodities, currency rates, etc. are influenced by complex 

economic and psychological phenomena that contain a high 

proportion of chaos, hence fuzzy logic and other soft 

computing tools the best that currently exist for processing 

and evaluating economic and financial information and 

data. Similarly, Rajab & Sharm (2019) report that stock 

price prediction is a complex and difficult task due to 

chaotic behavior and high uncertainty in the development of 

equity market prices. The design of a highly accurate, 

simple and understandable predictive model is of paramount 

importance in this area. Yu & Yan (2019) add that since 

financial data contains complex, incomplete and fuzzy 

information, anticipating their developmental trends is an 

extremely difficult challenge. Fluctuations in financial data 

depend on innumerable correlated, constantly changing 

factors. Therefore, predicting and analyzing financial data is 

a non-linear and time-dependent problem. Chang et al. 

(2011) conclude and state that stock market forecasts can 

only be successful with the use of tools and techniques that 

can overcome the problem of price uncertainty and non-

linearity. Wang &Wang (2015) report that fuzzy logic and 

neural networks are increasingly being used in financial 
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markets, and their art of prediction is widely acknowledged 

in particular because of the ability to capture non-linear 

behavior. The same results are provided by Jankova (2019). 

Rao et al. (2017) argue that investment decisions based on a 

fuzzy model can be particularly useful for investors looking 

to minimize risk in solving their long-term investment 

portfolio.The authors recommend fuzzy logic as a suitable 

method to solve the complexity of stock market. Othman & 

Schneider (2010) consider fuzzy logic to be easier and more 

beneficial for investors. 

However, as Melin & Castillo (2014) and Castillo et al. 

(2007) stated, it is not reasonable to use the exact functions 

of fuzzy logic belonging to something uncertain. As further 

described by Tang et al. (2020) type-1 fuzzy logic may be 

unsuitable for solving cases in the real world due to the 

growing uncertainty of the problem. In this case, it is 

necessary to use another type of fuzzy logic that can handle 

these uncertainties, namely the type-2 fuzzy logic (T2FLS) 

system. Castillo et al. (2013) report that T2FLS are 

essentially "fuzzy fuzzy" sets that generalize type-1 fuzzy 

sets and systems to work with greater uncertainty. Alhassan 

& Hagras (2018) report that type-2 fuzzy set is reduced to a 

type-1 fuzzy set if there is no uncertainty that is analogous 

to the probability of decreasing to determinism when 

unpredictability disappears. The membership function of 

the general type-2 fuzzy set is three-dimensional and 

includes the footprint of uncertainty (FOU). It is a new third 

dimension of the fuzzy set that provides additional degrees 

of freedom and allows you to directly model and process 

numerical and linguistic uncertainties. Chen et al. (2018) 

note that T2FLS have a higher approximation capability 

than neural networks. However, researchers had to wait for 

some time to develop the theory. Progress T2FLS primarily 

limited hardware equipment.Similarly, Wang et al. (2018) 

and Liu et al. (2019) note that type 2 fuzzy sets attract much 

more interest from scientists because they are able to handle 

uncertain and inaccurate information better than type-1 

fuzzy sets. 

The decision-making processes are very complicated in 

the economy and finance because they include political, 

social, psychological, economic, financial, and other 

factors.There are thousands of theories and methodologies 

with various success of application in real world. The theory 

and application of fuzzy processing are very promising, 

especially newly discovered type-2 fuzzy method, which is 

able to include additional higher level of uncertainty 

resulting from unclear, uncertain or inaccurate data and, 

thus enables better description of the economy and financial 

phenomena in their solution of real world problems. We are 

searching for a new approach to the type-2 fuzzy model to 

support decision-making, which allows investors to increase 

the quality and speed of the decision-making processes in 

real world. The motivation for this research is the fact that 

the issue of investment funds on the stock market has not 

yet been sufficiently explored and tested. We believe that 

this issue is especially important for investors, as a suitable 

and accurate model can serve as a support for deciding in 

which investment fund to invest. 

The aim of the paper is to apply a higher degree of fuzzy 

logic, specifically type-2 fuzzy logic as a supporting tool for 

investment decision making. T2FLS is used to make 

decisions about investing in exchange-traded funds on the 

US stock market, the largest ETFs organizers in the world. 

The stock market is characterized by chaotic behaviour as 

described above, so it is preferable to use type-2 fuzzy logic 

rather than type-1 fuzzy logic because T2FLS is able to 

cover the higher degree of uncertainty arising from the 

typical features of financial markets. T2FLS is designed to 

increase the clarity of the generated model and achieve 

better performance. 

 
Literature Review 
 

Jilani& Burney (2008) presented a simple prognostic 

method of fuzzy time series. Dourra et al. (2002) used fuzzy 

information technology in their work through technical 

analysis and simulate human behavior in stock trading. 

Escobar et al. (2013) proposed an indicator for technical 

analysis based on fuzzy logic, which includes the subjective 

features of the investor. The authors highlight the approach 

of fuzzy logic because of the ability to represent a "human" 

way of decision making that a non-investor in the real 

market has. Wang (2018) proposed a data frame to predict 

stock price prices using fuzzy time series. His method uses 

two key technologies, the theory of fuzzy sets and the 

classical method of forecasting time series. Experimental 

results suggested that the proposed predictive framework 

provides better performance. Naranjo et al. (2018) proposed 

a methodology for detecting candlestick patterns in a stock 

trading system using fuzzy logic. Candlestick based rules 

are more natural and realistic than standard crisp rules. The 

performance of the smart stock trading system is tested in 

two different stock market portfolios. The created model is 

more stable and profitable than other trading systems. 

Rustam et al. (2018) appliedsupport vector machines and 

fuzzy kernel c-means to predict the price movement of 

Indonesian stock market stock prices by focusing on the 

banking subsector. Based on historical stock data, eight 

technical indicators for model entry were calculated. In a 

particular case, the best model is the entire FKCM 

observation. Camara et al. (2018) used a computing 

intelligent tool that uses fuzzy logic data analysis to predict 

the effects of hurricanes on the stock market. Liu & Zhang 

(2019) used fuzzy time series to analyze and forecast stock 

prices of State Bank of India and Dow-Jones Industrial 

Average (DJIA). The authors' experimental results show 

that the proposed model overcomes other time series models 

and can handle large amounts of data. Chen et al. (2019) 

dealt with the pricing of a European call option and studying 

Greek letters of options in a fuzzy environment. The authors 

deal with the development of a fuzzy pattern of European 

call option provided that the stock return is a Gaussian fuzzy 

number. The results show that fuzzy options are closer to 

theoretical options derived from the Black-Scholes model. 

Gautam &Abhishekh (2019) developed a new moving 

average based prognostic approach on the fuzzy time series 

data set. The developed moving average method of fuzzy 

time series provides improved prognostic output with the 

smallest RMSE, which shows that the new method is much 

better than other existing models available in the literature. 

Recently, type-2 fuzzy logic has gained popularity in a 

wide range of applications, mainly due to its ability to 

handle a higher degree of uncertainty. Linag & Mendel 

(2000) point out that the knowledge that is used to construct 
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rules in type-1 fuzzy logic (T1FLS) is uncertain. There are 

three ways in which such a rule's uncertainty can appear: (1) 

words that are used in antecedents and consequences of rules 

can mean different things to different people; (2) 

consequences of voting in a panel of experts often differ for 

the same rules; (3) noise in training data. Uncertainty of 

antecedents or consequents is transformed into an antecedent 

and consequent membership function. Type-1 fuzzy logic 

systems are unable to directly incorporate these uncertainties, 

while type-2 fuzzy logic systems can handle this uncertainty. 

Furthermore, according to Zarandi et al. (2009) it should be 

noted that type-2 fuzzy sets can model and minimize the 

effect of uncertainty in rules-based fuzzy systems. The effects 

of uncertainty can be minimized by optimizing the type-2 

fuzzy set parameters during the training process. Type-2 

fuzzy logic is particularly useful when it is difficult to 

determine the exact functions of fuzzy set. 

Due to the higher degree of uncertainty, T2FLS is 

applied to financial market issues. These studies include 

Jianga et al. (2018), who designed interval T2FLS to predict 

stock index in Taiwan, DJIA and NASDAQ using fuzzy 

time series. The results of fuzzy logic are compared with 

non-parametric statistical testing, stating that their proposed 

model exceeds other methods. Zarandi et al. (2009) applied 

a type-2 fuzzy model to analyze the prices of automotive 

equity instruments in Asia using technical and fundamental 

indicators. Their results are very encouraging and can be 

implemented to forecast instrument prices in trading 

systems. Huarng & Yu (2005) have designed a type-2 fuzzy 

model to predict the TAIEX index that achieves better 

results than the type-1 fuzzy model. Liuet et al. (2012) 

introduced a type-2 neuro fuzzy model for TAIEX 

prediction. Their results showed that this method showed 

higher prediction accuracy without the use of additional 

information. Hasuike &Ishii (2009) discussed the problem 

of choosing a type-2 fuzzy portfolio with expected returns 

with respect to investor's subjectivity. Bernardo et al. (2012) 

designed T2FLS, which is able to generate aggregate 

models from a predetermined number of language rules, 

allowing the user to understand the generated models for 

predicting stock market opportunities. Jankova & Dostal 

(2019) applied type-2 fuzzy logic to the Czech stock market 

and create a model that is used to decide on investing in PX 

index stocks. Runkler et al. (2017) presented a new 

approach to using type-2 fuzzy sets in decision-making with 

regard to the risk associated with this decision. Considering 

the level of risk increases the scope for decision-making to 

allow better decision making. Vella & Lon Ng (2016) 

investigated the ability of higher order fuzzy systems to 

cope with increased uncertainty, which is mostly due to 

market microstructure noise. The authors proposed an 

innovative approach to design the type-2 interval model, 

which is based on a generalized type-1 ANFIS approach. 

The proposed model achieves significant performance 

improvements over standard ANFIS and Buy and Hold 

methods. Zhang et al. (2017) used T2FLS to validate better 

taxation performance methodology at the Shanghai Stock 

Exchange Composite Index and Taiwan Stock Capital 

Capitalized Weighted Index. The experimental results show 

that the proposed method overcomes other basic methods. 

Pulido & Melin (2016) represented the optimization of 

fuzzy type-1 and type-2 file neural networks for predicting 

complex time series on the Taiwanese Stock Exchange 

(TAIPEX). 

Methodology 
 

The T2FLS structure is very similar to the T1FLS 

structure. Figure 1 shows the structure of T2FLS. The 

measured real variables are first transformed in a 

fuzzification block into linguistic variables, with the 

linguistic variables based on the basic linguistic variables. 

Dostal (2011) states that three to seven attributes of this 

basic variable are usually used. The degree of attribute of a 

given variable in a set is represented by a mathematical 

function. Three types of fuzzification are available in 

T2FLS. If the measured data is perfect, modeled as a sharp 

set, data with noise and data with stationary noise are 

modeled as type-1 fuzzy sets, with non-stationary noise 

modeled as type-2 fuzzy sets. The latter type of fuzzification 

cannot be performed in T1FLS. 

 
 

Figure 1. Structure of Type-2 Fuzzy Logic System 
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As reported by Medasani et al. (1998), all existing 

T2FLS membership functions are modified versions of 

conventional T1FLS membership functions. In other words, 

the basis of the membership functions of the original type-1 

is blurred if the practitioner is uncertain about the value of 

the membership function of a particular point. There are a 

number of type-2 fuzzy membership functions, such as 

triangular, Gaussian, trapezoidal, sigmoidal, etc.as noted by 

Wang et al. (2018). Gaussian membership function is 

widely used in literature in which uncertainty is associated 

with mean and standard deviation. 

Kayacan et al. (2018) adds that in applications of the 

theory of fuzzy sets, the membership functions are chosen 

based on the subjective perception of vague or inaccurate 

categories. Furthermore, there are no criteria to assess the 

appropriateness or correctness of the chosen membership 

function. Type-2 fuzzy set is denoted �̃� is charakterized 

type-2 membership function 𝜇𝐴(𝑥, 𝑢), where 𝑥 ∈ 𝑋, ∀ 𝑢 ∈
𝐽𝑥

𝑢 ⊆ [0,1]and 0 ≤ 𝜇𝐴(𝑥, 𝑢) ≤ 1is mathematically defined 

(Jana &Ghosh, 2018): 

 

�̃� = {(𝑥,  𝜇𝐴(𝑥))|𝑥 ∈ 𝑋} 
(1) 

 
�̃� = {(𝑥, 𝑢,  𝜇𝐴(𝑥, 𝑢))|𝑥 ∈ 𝑋, ∀𝑢

∈ 𝐽𝑥
𝑢[0, 1]} 

(2) 

 

If type-2 fuzzy set �̃� is a continuous variable, the 

expression has the form: 
 

 

�̃� = { ∫ [ ∫ 𝑓𝑥(𝑢)/𝑢

𝑢∈𝐽𝑥
𝑢

] /𝑥

𝑥∈𝑋

} (3) 

 

whereʃʃdenotes a connection between 𝑥 and 𝑢. If type-

2 fuzzy set �̃� is discrete, then the expression has the form: 

 
�̃� = {∑ 𝜇𝐴(𝑥) / 𝑥

𝑥∈𝑋

} (4) 

 

�̃� = {∑ [∑ 𝑓𝑥𝑖
(𝑢𝑗)/ 𝑢𝑖𝑗

𝑚𝑖

𝑗=1

] /𝑥𝑖

𝑛

𝑖=1

} (5) 

 

where ∑∑denotes the connection between 𝑥 and 𝑢. 

Assuming 𝑓𝑥(𝑥) =  1, ∀𝑢 ∈ [𝐽−𝑥
𝑢 , 𝐽𝑥

−𝑢] ⊆ [0,1], is type-2 

membership function 𝜇𝐴(𝑥, 𝑢)expressed by type-1 inferior 

membership function𝐽−𝑥
𝑢 = 𝜇𝐴(𝑥) and type-1 

superior,𝐽𝑥
−𝑢 = 𝜇𝐴(𝑥)s then called the type-2 interval fuzzy 

set denoted by the following mathematical formula: 

 �̃� = {(𝑥, 𝑢, 1)|∀𝑥 ∈ 𝑋, ∀𝑢
∈ [𝜇−𝐴(𝑥), �̅�𝐴(𝑥)]
⊆ [0,1]} 

(6) 

or 

 

�̃� = { ∫ [ ∫ 1/𝑢

𝑢∈[𝐽−𝑥
𝑢 ,𝐽𝑥

−𝑢]⊆[0,1]

] /𝑥

𝑥∈𝑋

} (7) 

 

 

�̃� = { ∫ [ ∫ 1/𝑢

𝑢∈[𝜇−𝐴(𝑥),�̅�𝐴(𝑥)]⊆[0,1]

] /𝑥

𝑥∈𝑋

} (8) 

 

The uncertainty is then determined by combining all the 

membership that are labeled as footprint of uncertainty 

(FOU). The size of the FOU depends directly on the 

uncertainty that the type-2 fuzzy set mediates. FOU is as 

follows: 
 

 𝐹𝑂𝑈(�̃�) = ⋃ 𝐽𝑥

∀𝑥∈𝐴

= {(𝑥, 𝑢): 𝑢 ∈ 𝐽𝑥

⊆ [0,1]} 

(9) 

 

The upper and lower membership functions of the type-

2 fuzzy �̃� are two type-1 membership functions. 

 

𝐽𝑥 =  [𝜇𝑥(𝑥), 𝜇𝑥(𝑥)] 
(10) 

 

Using the FOU, a given formula can also be expressed 

as: 
 

 
𝐹𝑂𝑈(�̃�) = ⋃[𝜇𝑥(𝑥), 𝜇𝑥(𝑥)]

𝑥∈𝐴

 (11) 

 

The fuzzification is followed by a fuzzy inference that 

defines the behavior of the system using the IF-THEN rules 

and the language level evaluating the status of membership 

or veracity of the variable. Each combination of the 

attributes of the variables entering the system and occurring 

in the condition expresses one rule.Consequently, for each 

rule, the degree of support or the weight of the rule in the 

system needs to be determined. The result of fuzzy 

inference, as mentioned by Dostal et al. (2005) is a language 

variable. In most applications, however, a final output is 

required as a specific number, and not a fuzzy set. As a 

result, the output fuzzy set must be converted to a number. 

Fuzzy rules define the connection between input and 

output fuzzy variables. T2FLS rules can offer an alternative 

if there is a need to model the uncertainty of the problem. 

T2FLS rules are better at not using the exact levels of 

membership, for example, when training data is affected by 

noise. Fuzzy rule has, according to Castillo et al. (2007), the 

following form, where the antecedent and the consequent 

are now type 2: 

 

𝑅𝑛: 𝐼𝐹 𝑥1 𝑖𝑠 𝑋1
𝑛 𝑎𝑛𝑑 … . 𝑎𝑛𝑑 𝑥𝑙  𝑖𝑠 𝑋𝑙

𝑛 𝑇𝐻𝐸𝑁 𝑦 𝑖𝑠 𝑌𝑛 
(12) 

 

where 𝑋𝑙
𝑛 is the T2FLS antecedent and 𝑌𝑛 =  [𝑦𝑛, 𝑦

𝑛
] 

is the T2FLS consequent. Here 𝑦𝑛 and 𝑦
𝑛

, as stated by 

Taskin & Kumbasar (2015), there may be consequences or 

linear functions: 
 

 

𝑦𝑛 = 𝑎1
𝑛𝑥1 + ⋯ + 𝑎𝑙

𝑛𝑥𝑙 + 𝑏𝑛 
(13) 

 

𝑦
𝑛

= 𝑎1
𝑛

𝑥1 + ⋯ +  𝑎𝑙
𝑛

𝑥𝑙 + 𝑏
𝑛

 
(14) 

 

wherein the antecedent is a compound fuzzy logical 

expression of one or more simple fuzzy expressions 

associated with fuzzy operators, and the consequent is an 

expression that assigns fuzzy values to an output variable. 

The inference system evaluates all rules and combines the 

weights of the consequence of all relevant rules into one 

fuzzy set using a summary operation. 
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In T1FLS, the conversion process to a specific number 

is called defuzzification. There are many ways to achieve 

the result, for example, to calculate the center of gravity of 

the membership function for a fuzzy set, calculate the 

weighted average of the center of gravity of each 

membership function, etc. However, the matter is much 

more complicated for T2FLS because moving from type-2 

fuzzy to a crisp set requires two steps. The first step is 

named as a type reducer in which the type-2 fuzzy set is 

reduced to the type-1 fuzzy set. There are as many type 

reducers as the T1FLS defuzzification methods. The most 

commonly used algorithm developed by Karnik & Mendel 

(2001) and Mendel (2001) is iterative and fast. The type 

reducer generates a fuzzy set T1FLS, which is then 

transformed into an output by defuzzification. In the case of 

using the center-of-sum method (cos) of the type reducer, its 

mathematical expression, according to Taskin & Kumbasar 

(2015), is as follows: 
 

 
𝑌𝑐𝑜𝑠(𝑥) = [𝑦𝑡 , 𝑦𝑟] = ⋃

∑ 𝑦𝑛𝑓𝑛𝑁
𝑛=1

∑ 𝑓𝑛𝑁
𝑛=1𝑓𝑛∈𝐹𝑛(𝑥)

 
 

(15) 

 

where 𝑦𝑡  and 𝑦𝑟 defined as: 

 

 
𝑦𝑡 =

∑ 𝑦𝑛𝑓−𝑛 + ∑ 𝑦𝑛 𝑓𝑛𝑁
𝑛=𝐿+1

𝐿
𝑛=1

∑ 𝑓−𝑛 + ∑ 𝑓𝑛𝑁
𝑛=𝐿+1

𝐿
𝑛=1

 (16) 

 
𝑦𝑟 =

∑ 𝑓𝑛𝑦−𝑛 + ∑ 𝑦−𝑛𝑓−𝑛𝑁
𝑛=𝑅+1

𝑅
𝑛=1

∑ 𝑓𝑛 + ∑ 𝑓−𝑛𝑁
𝑛=𝑅+1

𝑅
𝑛=1

 (17) 

 

wherein R and L are points that can be found using the 

iterative KM algorithm. 

The second step of processing the output that follows 

the type reducer is still called defuzzification. In Figure 1 it 

can be seen that there may be two numerical outputs for 

T2FLS designated as crisp outputs and a type reduced set. 

The latter expresses the degree of uncertainty that T2FLS 

has due to uncertain input measurements (Mendel, 2007; 

Zarandi et al., 2009). Average values are obtained from the 

type reducer, and the calculation of the defuzzification 

output is as follows: 
 

 

𝑦 =
𝑦𝑡 + 𝑦𝑟

2
 (18) 

Experimental Results and Analysis 

This paper uses T2FLS to make decision making 

process on investing in exchange traded funds. For the time 

being, the application of higher degree of fuzzy logic has 

been underused for the stock market forecast, as recorded 

by the literature review. The following part of the paper 

presents not only selected data sample but also the required 

outputs. Then a model is created based on the T2FLS. The 

model output is a signal to buy or sell the Exchange Traded 

Funds (ETF) stock. 

 
Data Sample 
 

For the T2FLS model creation, 10 ETFs in the real 

estate sector are selected. The most important characteristic 

feature of the ETF, as the name suggests, is that it is traded 

similarly to stock exchange. They are valued and traded 

continuously during the trading day, allowing investors to 

buy or sell without delay. Stock exchange funds invest in a 

defined index or the basket of assets, the investors are 

allowed to invest in the entire portfolio with a single share. 

These are open-ended, passive-funded funds that aim to 

copy the benchmark as accurately as possible. ETFs have 

become very popular over the past decade, mainly due to 

their very low cost, high liquidity and lower risk due to good 

portfolio diversification. 

ETFs are a relatively new investment instrument that 

provides certain advantages over traditional mutual funds. 

Above all, ETFs are very low-cost funds, their goal is the 

most faithful replication of the underlying index, which is 

referred to as a benchmark. The largest and most liquid 

stock market, the US stock market, is selected for this study, 

which, according to the ICI Factbook (2018), offers 1,832 

ETFs and $ 3.4 trillion of assets under management. Table 

1 shows summary statistics of input variables of selected 

ETFs entering the model. 
 
Financial Indicators 
 

The key factors for investment decisions that investors 

take into account are usually the return and risk of the 

investment, as confirmed by Fang et al. (2006). Some are 

also inclined to include the dividend resulting from the 

investment according to Gupt et al. (2008). Other authors 

prefer investment liquidity (Arenas et al., 2001). Li et al. 

(2000) or Khayamim et al. (2018) argues that ignoring the 

cost of an investment leads to inaccurate and inefficient 

models that can lead to a loss-making investment. Based on 

the above, the following are selected as input variables for 

the presented model: return, dividend, risk and total expense 

ratio (TER). The output of the model is the decision whether 

to invest in the ETF or not.

 
Table 1 

 

Summary Statistic for Inputs Variables 
 

Statistics Mean Max Min Sd Skewness Kurtois 

Inputs 

Risk 0,037 0,055 0,015 0,009 -0,826 0,061 

Return 0,010 0,032 -0,006 0,009 0,910 0,118 

Dividend 0,039 0,049 0,029 0,007 0,260 -1,426 

TER 0,004 0,006 0,001 0,002 -0,660 -0,976 
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Table 1 summarizes the basic statistics of input 

variables. On average, the risk of selected ETFs was around 

3.7 % and return was around 1.0 %. The amount of 

dividends paid and the TER indicator are almost identical 

for the monitored funds. The table above shows the fact that 

ETFs are very low-cost funds with an average cost of 0.4 %, 

which is a significant difference compared to conventional 

mutual funds. ETFs are also suitable for investors seeking 

stable dividend income, as the ETF's minimum dividend is 

2.9 %. 
 

Experimental Results 
 

Fuzzy logic is able to accept an explanation of 

ambiguous and vague thinking. Fuzzy Logic is a very 

popular tool for solving various problems. The two most 

common types of fuzzy inference system are Mamdani and 

Sugeno. The following study uses T2FLS type Sugeno. 

Sugeno T2FLS model design consists of a total of four input 

variables divided into a total of three attributes and one 

output variable. The structure of the model is shown in 

Figure 2.
. 

 

 
 

Figure 2.Structure of the Sugeno T2FLS Model 
 

Although the choice of membership function is 

subjective and depends on the choice of the expert and the 

sample of the data set, several studies are carried out 

focusing on comparing the different types of these functions 

in order to find the most appropriate one. Mayilvaganan & 

Naidu (2011) found that the best performance and results 

were achieved by the Gaussian membership function. Bell 

and trapezoidal membership function worse than Gaussian. 

The above study is followed by Talpur et al. (2017), who 

focused on comparing Gaussian, triangular, trapezoidal, and 

bell membership functions. Their study shows that the 

Gaussian membership function is most appropriate in the 

ANFIS model. In their research, Esfahanipour &Aghamiri 

(2010) used the Gaussian membership function in the 

ANFIS model to test data on investment instruments. For 

this reason, in the proposed T2FLS model, the Gaussian 

membership function is chosen. Three attributes (LOW, 

MEDIUM, HIGH) of the membership function are used, 

which are further divided into UPPER and LOWER 

function in order to capture a higher degree of uncertainty. 
 

The risk can be characterized as the possibility that the 

expected return deviates from the actual return. This is a 

certain degree of uncertainty associated with the expected 

return. The Gaussian T2F membership function for risk is 

shown in Figure 3. Return can be understood as an investor's 

remuneration for the risk incurred. The goal of investors is to 

achieve the highest possible return while minimizing risk. 

The Gaussian T2F membership function for return is shown 

in Figure 4. ETFs paying dividends generate regular income 

for investors. All ETFs selected pay dividends on a quarterly 

basis. Investors can benefit not only from potentially rising 

ETF share prices but also from dividend income. The type-2 

fuzzy membership function for dividend is shown in Figure 

5. TER is a measure of the total cost of managing and 

operating the fund. These costs include management fees and 

additional expenses, such as trading fees, legal fees, auditor 

fees, and other operational expenses. The total cost of the fund 

is divided by the total assets of the fund to reach the 

percentage that represents the TER. For ETFs, TERs are at a 

very low level compared to conventional mutual funds. The 

type-2 fuzzy membership function for TER is shown in 

Figure 6. 
 

 
 

Figure 3. Risk T2F Membership Function 

 
 

Figure 4. Return T2F Membership Function 
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Figure 5. Dividend T2F Membership Function 

 
 

                        Figure 6. TER T2F Membership Function 

In the created T2FLS model, 81 IF-THEN rules are 

created with ANFIS, as shown in Figure 7. Verbal 

interpretation of fuzzy rules is as follows: 

IF risk is low AND return is high AND dividend is high 

AND TER is low, THEN ETF is recommended to BUY. 

IF risk is low AND return is high AND dividend is high 

AND TER is medium, THEN ETF is recommended to BUY. … 

IF risk is high AND return is low AND dividend is low 

AND TER is high, THEN ETF is recommended to SELL. 

IF risk is high AND return is low AND dividend is low 

AND TER is medium, THEN ETF is recommended to SELL. 

Similarly, additional rules are selected. The rules are set 

in such a number, which describes the problem. 

The created T2FLS model simulates investment 

decisions in ETF listed stocks on the US stock market. The 

model can be demonstrated on a case study based on the 

membership functions and Sugeno rules in the Figure 7. If 

the ETF shareholding risk is 2.5 %, the return is 1.45 %, the 

quarterly dividend is 3 % and the ETF's total expense ratio 

is 0.34 %, according to T2FLS it is appropriate to purchase 

the ETF in the investment portfolio as the value is exactly 

equal to 1. 
 

 
 

Figure 7. Fuzzy Model Controllerrules 

 

 

The graphs generated from the created IT2FLS are used 

to perform the sensitivity analysis. Figure8 shows the 

sensitivity analysis for risk and TER. At first glance, it is 

clear that the higher the risk of investing in the ETF, the 

more it is recommended not to invest in the fund. 

Conversely, a very low level of risk is positive for investors 

with a clear recommendation to buy low risk ETF shares. 

From the same graph you can read the sensitivity of the total 

cost of the fund to the overall recommendation whether to 

invest in the ETF or not. As mentioned above, ETFs are low 

cost funds with an average cost of 0.4 %, with a maximum 

cost of 0.6 % and a minimum cost of 0.1 %. It follows that 

the TER has no significant influence on the 

recommendations generated by T2FLS whether to invest or 

not to invest in the fund, as the TER is very low for all 

monitored funds. 
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Figure 8. Sensitivity Analysis for Risk and TER 

 
 

Figure 9. Sensitivity Analysis for Return and Dividend 

 

Figure 9 depicts the sensitivity analysis for the return 

and amount of ETF dividends paid. The graph shows that 

the higher the return from the ETF, the stronger it is to invest 

in the fund. Basically, it can be seen if the return is positive, 

i.e. the investor does not realize the loss from holding ETF 

shares, so it is recommended to buy the ETF. The sensitivity 

analysis for the dividend is also shown in the same graph. 

Selected ETFs are fairly consistent in dividend payout ratio. 

On average, ETFs pay 3.9 %, with a minimum ETF payout 

of 2.9 % and a maximum dividend of 4.9 %. It follows that, 

like TER, the amount of dividends paid does not have a 

major impact on investment decisions, as indeed the 

indicators are almost the same for selected ETFs over the 

reporting period. 

Comparison of Results 
 

Based on the input and output parameters set, a T2FLS 

model is created to make ETF investment decisions. 

Statistical parameters are defined for the assessment and 

control of the conclusions reached in the T2FLS model. The 

predictive ability of the created model is determined by 

comparing the original data and outputs obtained from the 

model. For this purpose, the root-mean-square error 

(RMSE) pointer is used, the mathematical notation of which 

is as follows: 

 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(𝑦𝑡 − �̇�𝑡)2

𝑛

𝑡=1

 (19) 

The predictive ability of the created model is further 

evaluated using the determination coefficient (R2) 

calculated according to the following mathematical 

formula: 

 
𝑅2 = 1 − ∑

(𝑦𝑡 − �̇�𝑡)2

�̇�𝑡
2

𝑛

𝑡=1

 (20) 

In addition to the above statistical parameters, mean 

absolute error (MAE) can also be used to evaluate model 

performance as follows: 

 
𝑀𝐴𝐸 =

1

𝑛
∑|𝑦𝑡 − �̇�𝑡|

𝑛

𝑡=1

 (21) 

In percentage terms, the mean absolute percentage error 

(MAPE) can be used to modify the above formula as 

follows: 

 
𝑀𝐴𝑃𝐸 =

1

𝑛
∑

|𝑦𝑡 − �̇�𝑡|

𝑦𝑡

𝑛

𝑡=1

× 100 (22) 

wherein 𝑛 is the number of observations of the data set, 

ytindicates the output predicted by the model for the t-th 

value, ẏt indicates the original measured output of the data 

set for the t-th value.

Table 2 

Statistical Data Analysis of FLS 
 

Model RMSE R^2 MAE MAPE 

T2FLS Sugeno 0.08286 0.93581 0.01478 15.22 % 

T1FLS Sugeno 0.08179 0.92568 0.01493 15.43 % 

T1FLS Mamdani 0.12909 0.88889 0.01667 17.26 % 

 

The created T2FLS model is compared, based on the 

above statistical parameters, with the T1FLS model of both 

Sugeno and Mamdani. Comparison results are presented in 

Table 2. From the point of view of T1FLS, the Sugeno 

model with RMSE 0.08179 compared to the Mamdani 

0.12909 model. Better results achieved T2FLS Sugeno with 

0.08286. Also, the determination coefficient provides very 

promising results in terms of Sugeno's ability. It can be 

stated that T2FLS is suitable for investment analysis 

because it can better deal with the uncertainty and chaos that 

prevails in the financial market and provides constant 

results. An indisputable advantage for T2FLS in the 

financial markets is the ability to accommodate a higher 

degree of uncertainty than T1FLS. T2FLS has demonstrated 

computational flexibility and suitability for modeling 

complex, dynamic and nonlinear relationships that are 

common in financial markets. 

 

 
 



Inzinerine Ekonomika-Engineering Economics, 2021, 32(2), 118–129 

- 126 - 

Discussion 
 

It is well known that the stock market is a very complex 

system that exhibits dynamic and highly nonlinear behavior. 

For this reason, it is not easy to predict or at least determine 

the direction of its future development. The aim of the 

presented paper was to create a suitable and simple model 

that will serve as a support for deciding on profitable 

opportunities in the stock market and thus reduce investor 

uncertainty. The model applied an interval type-2 fuzzy 

model, which is able to contain a higher degree of 

uncertainty resulting from the nature of the examined 

markets. The developed model is very limited; however, it 

illustrates the possibility of further use of T2FLS, which is 

applied to a dominant extent in technical industries. The 

presented model could be further extended by other 

important input variables and create a more complex revised 

model, however, the aim of this paper was to keep the set of 

input variables and the model as simple as possible so that 

it can be used by an inexperienced investor. As Doskočil & 

Dostál (2017) further state, only a proven model can be used 

as a tool for investment decisions. For this reason, the 

proposed neuro-fuzzy model cannot be considered final and 

only correct. It is also necessary to discuss some limits and 

limitations of fuzzy logic. Fullér (1995) states that it is not 

guaranteed that any fuzzy model created will remain stable 

and robust. A major limitation is the fact that fuzzy logic has 

no memory and, moreover, is not able to learn from the 

presented data. In addition, determining the shape and size 

of the membership function is a very complex and 

subjective matter that can ultimately affect the performance 

of the entire model. Verification of the fuzzy model also 

requires loop testing, which can cause difficulties. 

 

 

Conclusion 
 

The decision-making process on investment 

opportunities is a widely discussed topic today. Artificial 

intelligence models used in many fields can be used for this 

purpose. This paper introduces the implementation of type-

2 fuzzy logic to the investment decision problem. The 

application of T2FLS is still inadequate especially in the 

area of financial markets, although there is a high degree of 

uncertainty, chaos and non-linearity especially in financial 

markets. In other words, equity markets in particular 

provide sufficient scope for examining the performance of a 

higher degree of fuzzy logic. 

The paper is an easy-to-use model that contains simple 

input variables that fundamentally influence the decision to 

invest in exchange-traded funds in the US stock market. 

Specifically, the accuracy of the T2FLS Sugeno model is 

almost 93.6 % compared to the T1FLS Sugeno 92.6 %, 

respectively T1FLS Mamdani 88.9% measured by 

determination coefficient. Similarly, error rates such as 

RMSE, MAE and MAPE sound in favor of T2FLS on the 

equity markets. The higher performance of T2FLS for 

investment decisions is mainly due to the use of the 

membership function of the general type-2 fuzzy set which 

is three-dimensional and includes the footprint of 

uncertainty (FOU). It is a new third dimension of the fuzzy 

set that provides additional degrees of freedom and allows 

you to directly model and process numerical and linguistic 

uncertainties 

Using T2FLS can lead to more realistic and accurate 

results than T1FLS. For further research, it would be 

appropriate to extend the proposed model to include other 

significant underlying indicators or to include technical and 

psychological indicators and to monitor the strength of the 

revised model in other stock markets
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