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In the past decades, public private partnership (PPP) has been widely used as an effective approach to stimulating private 

investment and improving supplies for public services. The optimization of the concession period is very critical for the 

successful implementation of PPP projects. This paper takes decision making activities of the concession period as a bargaining 

game process between public and private sectors, and presents a mathematical model to calculate the optimal concession 

period under a series of assumptions. Backward induction is applied to solve this optimization problem. Finally, numerical 

simulation is used to further verify the model and analyze the influence of different factors on the optimal concession period. 

The results indicate that the optimal toll rate should be determined based on the average level of service provided. Factors such 

as the risk interest rate, initial investment, reservation utility are positively correlated with the optimal concession period, while 

the private equity ratio and the toll rate are negatively correlated with it. The current study is a useful supplement to previous 

research works as it incorporates the influence of public equity and time value of money into the construction of model. 

Moreover, it can act as a helpful reference for both public and private sectors in negotiations concerning related issues. 
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Introduction 

 

Access to transportation has been proved to be an 

important driving force for economic prosperity (Banerjee et 

al., 2012; Canning & Fay, 1993). To fill the gap between the 

shrinking public fiscal budgets and the increasing demand for 

public transportation, public private partnership (PPP) has 

been introduced and widely applied in many developing 

countries (Kappeler & Nemoz, 2010; Ke et al., 2010). In a 

PPP project, the public sector grants a concession to a private 

sector. During the concession period, the private sector would 

be in charge of financing, building and operating the project, 

and will get reimbursed by collecting user payments (Tang et 

al., 2010; Osborne, 2002). Sometimes, the public sector offers 

fiscal subsidy or public equity in order to lessen the financing 

cost of the project (Skietrys et al., 2008). 

The determination of concession period lies in a critical 

position for the successful implementation of PPP projects 

(Zhang & AbouRizk, 2006). The private sector may prefer an 

extended concession period in order to reap more revenue. On 

the contrary, the public sector would limit the maximum 

length of concession period to protect the public’s interest. 

Thus, the determination of an appropriate concession period 

becomes a complicated decision making activity among 

participants, and is under the influence of various economic 

and project factors, such as total investment, traffic flow, 

inflation rate (Ullah et al., 2016).  

Generally, the optimization methods for the concession 

period can be divided into two categories, i.e. numerical 

simulation analysis methods (Carbonara et al., 2014; Ng et al., 

2007; Zhang, 2009) and game analysis methods (Bao et al., 

2015; Shen et al., 2005). Numerical simulation analysis is 

mainly used to describe the risks and uncertainties in the 

determination of the concession period (Ng et al., 2007). The 

primary idea is to find the optimal length of the concession 

period under various risk circumstances (Shen & Wu, 2005; 

Hanaoka & Palapus, 2012). For example, Yu (2013) identified 

seven influential factors of the concession period, including 

toll fee, traffic flow, cost, inflation rate, etc., and proposed a 

decision-making support system using the Monte Carlo 

simulation method. Khanzadi (2013) used fuzzy numbers to 

describe the effects of different factors and employed dynamic 

simulation to determine the concession period at different 

confidence levels. One advantage of this method is that it can 

achieve the optimal concession period without the limitation 

of historical data (Ye & Tiong, 2003). However, the 

interaction between main participants in the process is 

generally neglected.  

Recently, studies have paid more attention to the 

negotiation and bargaining process between public and 

private sectors using the game theory (Bao et al., 2015; 

Scharle, 2002). Generally, the game theory can be employed 

to deal with the situations in which participants interact 

rationally with others (Akintoye et al., 2004). In a PPP-type 
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contract, public and private sectors share the same project 

information and act with rationality in order to maximize their 

own benefits. Medda (2007) took the risk allocation between 

public and private sectors as a bargaining process, and 

introduced a final offer arbitration (FOA) game to solve the 

problem. Shen (2007) suggested that public and private 

sectors would bargain until them both realize their interests 

shall be no less than their basic expectations. Ho (2006) 

proposed a dynamic game-theory based model to describe the 

government’s rescue behavior of distressed PPP projects. 

To sum up, although a series of existing literature have 

studied the optimization of the concession period, there still 

exist some knowledge gaps which need to be filled. Firstly, 

most current studies focus on PPP projects that are fully 

financed by private sectors (Feng et al., 2017). However, with 

the increasing participation of public funds (in the form of 

subsidy or equity), it is highly necessary to consider the 

influence of public funds (Chen et al., 2012; Feng et al., 2017). 

Secondly, most previous research using game analysis is 

carried out from a static point of view, i.e. the time value of 

money is neglected. However, the construction and operation 

of PPP projects are usually over a time span of 20 to 30 years 

which can have strong influences on the calculation of fiscal 

indicators such as net present value (NPV) or internal rate of 

return (IRR) (Burger & Hawkesworth, 2011).  

This paper aims to fill the above gaps between previous 

research and current practice. The optimization of the 

concession period can be regarded as a gaming process 

between public and private sectors. This paper then used a 

combination of backward induction and numerical 

simulation to solve this problem. The influence of public 

equity and time value of money are also incorporated in the 

model. In Section 2, the problem background is clarified and 

basic assumptions are made. In Section 3, a mathematical 

model is constructed based on gaming analysis and 

discounted cash flow method (DCF), and is then solved 

using the classical backward induction method. In Section 4, 

a series of numerical simulations are carried out in order to 

validate the model and to demonstrate the influences of key 

impact factors. Finally, Section 5 summarizes and concludes 

the article.  

 
Problem Statement and Basic Assumptions 

 

In this project, the private sector is granted a fixed 

concession period by the public sector during which it will 

operate the project and collect user fees to recover initial 

investment and earn reasonable revenue. To encourage 

private sectors to actively participate in the project, public 

sectors have granted private sectors the right of determining 

an appropriate toll rate.  

The decision making process of the concession period 

can then be regarded as a dynamic gaming process between 

public and private sectors. The public sector acts first to 

determine the length of the concession period. Based on this 

information, the private sector then chooses the appropriate 

toll rate in order to maximize its own economic profits. For 

ease of discussion, the following assumptions are made: 

Assumption 1: The public sector plans to construct and 

operate a toll road through PPP mode. The project has a 

concession period of 𝑇 years and a design life of  �̅� years. 

The total investment of the project is 𝐼 and is invested at the 

time of 𝑡 = 0. The private sector recovers its investment 

through collecting user fees.  

Assumption 2: To simplify the calculation, it is assumed 

that the project is built in an area with no other parallel roads 

and all vehicles are traveling at full speeds with no 

congestion problems. The traffic volume will not be affected 

by demographic, environment and force majeure. Under 

these conditions, the traffic volume is only affected by toll 

rates and service levels. In references to extant studies, the 

annual traffic flow of the project is set to be 𝑄𝑃 = 𝑄0𝑏−𝑝/𝑤, 

where 𝑄0  is the initial amount of traffic volume, 𝑏  is an 

integral determined by expert experience, 𝑝 is the price of 

toll rates, and finally 𝑤  represents the general level of 

service offered by project operators.  

Assumption 3: The investment of construction cost 𝐼 is 

internal information of private sectors and is difficult to be 

observed by public sectors (Li et al., 2013). A short 

concession period may prompt private sectors to reduce their 

initial investment despite the fact that the maintenance cost 

may increase rapidly after the project is transferred back to 

public sectors in the future. The increase of construction cost 

𝐼 generally improves road quality and reduces the amount of 

operation and maintenance cost in the future. Thus, annual 

average maintenance cost for the project company is 

represented by 𝑀𝐼 = 𝑘1𝑘2𝐼−𝑠 , where 𝑘1  and 𝑘2  are two 

positive integers, and 𝑠 is an integer bigger than one. The 

above equation reflects the fact that initial increase in 

construction cost would help strengthen project quality and 

thus cut future maintenance cost. 

Assumption 4: The discount rate for the project is set to 

be  𝑟 . According to Taylor expansion of function 𝑒𝑥 , 𝑒𝑟 

equals to (1 + 𝑟)  when 𝑟  is small enough. To simplify 

calculation, this model uses 𝑒−𝑟𝑡  as an approximation of 

(1 + 𝑟)−𝑡 , representing the discount coefficient of year 𝑡 

(Zhang & Yang, 2015). Only the direct economic profits 

produced by the project are considered in this study, and 

social or non-economic profits are not considered.  

 
Decision Model of Concession Period  

 

For a PPP toll road characterized with the above 

assumptions, project revenue mainly comes from user fees. 

The equity share held by private sector is  𝜃, and the equity 

held by public sector is (1 − 𝜃). In this study, we use the 

economic profits received by public sectors as an 

approximation of public’s social benefits. Public sectors’ 

total economic profits can be divided into two parts 

according to their different time of acquirement.  

The first part is economic profits created during the 

concession period and shared between public and private 

sectors. Its mathematical expression is represented by 

Equation (1) as shown below: 

(1 − θ) ∫ (𝑃𝑄𝑃 − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡 − (1 − 𝜃)𝐼
𝑇

0
                  (1)  

where: 

 𝜃 is the percentage of equity held by private sectors. 

 𝑇 is the time length of the concession period. 

 𝑃 is the price of the toll rate. 

 𝑄𝑃 is the annual traffic flow, 𝑄𝑃 = 𝑄0𝑏−𝑝/𝑤. 

 𝑀𝐼 is the annual operation cost. 

 𝐼 is the total initial investment cost. 
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      The second part is the economic profits owned by public 

sectors alone after the project is turned over at the end of the 

concession period: 

∫ (𝑃𝑄𝑃 − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡
�̅�

𝑇
                                                  (2) 

where �̅� is the time length of design life.  

By combining Equations (1) and (2), we can get the 

decision function for public sector as Equation (3):  

𝑀𝑎𝑥𝑚𝑖𝑧𝑒 [(1 − 𝜃) ∫ (𝑃𝑄𝑃 − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡
𝑇

0
−

                         (1 − 𝜃)𝐼 + ∫ (𝑃𝑄𝑃 − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡
�̅�

𝑇
]                   (3) 

The decision variable for public sector is concession 

period 𝑇 . Besides, private sectors will accept the project 

only when the profits they gained are equal to or larger than 

their reservation utility  �̅�, i.e. the minimum level of utility 

private sector would get if no contract is written. Thus, the 

participation constraints for private sector can be 

represented as Equation (4) below: 

θ ∫ (𝑃𝑄𝑃 − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡 − 𝜃𝐼 ≥ �̅�
𝑇

0
                                 (4) 

When public and private sectors have signed a 

concession contract, both of them made relative decisions in 

order to maximize their own interests. They make decisions 

in a chronological order. Firstly, the government maximizes 

its interests by choosing the appropriate concession period  

𝑇. Then, in reference to this concession period, the private 

sector then decides the appropriate toll rate  𝑃 it needs to 

charge.  The decision model for private sectors is listed by 

Equation (5) below. Its decision variable is  𝑃.  

𝑀𝑎𝑥𝑚𝑖𝑧𝑒 [θ ∫ (𝑃𝑄𝑃 − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡 − 𝜃𝐼
𝑇

0
]                (5) 

 

Solving Sub-game Perfection Using Backward 

Induction 
 

Backward induction is one of the most common 

algorithms for extensive gaming problems. This procedure 

starts at the end of the game tree and works back up to solve 

for optimal behavior at each node (Aumann, 1995). This paper 

has employed this method to solve the sub-game perfection in 

the above mentioned gaming problem. The decision model for 

private sector can be transformed into Equation (6) after 

putting the value of parameters into Equation (5). 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 [𝜃 ∫ (𝑃𝑄0𝑏−
𝑝

𝑤𝑑𝑡 −  𝑘1𝑘2𝐼−𝑠𝑒−𝑟𝑡) 𝑑𝑡 − 𝜃𝐼
𝑇

0
]       (6) 

The optimal toll rate 𝑃∗ chosen by private sectors can be 

calculated after the concession period has been determined 

as 𝑇. In order to find the critical point of Equation (6), we 

need to calculate the first derivative of the above function. 

The calculation result is shown in Equation (7).  

𝑃∗ = 𝑤                                                                      (7) 

It can be seen that under such circumstances, the optimal 

toll rate 𝑃∗ shall be determined based on the average level of 

service that the private sector can offer to customers and is 

not influenced by the length of the concession period. 

When the public sector predicts that the private sector 

would set the optimal toll rate to be 𝑃∗, the decision model 

and constraints for the public sector are then transformed 

into Equation (8) and Equation (9). 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 [(1 − 𝜃) ∫ (𝑃∗𝑄𝑃∗ − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡 − (1 − 𝜃)𝐼 +
𝑇

0

∫ (𝑃∗𝑄𝑃∗ − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡
�̅�

𝑇
]                                 (8) 

Subject to : θ ∫ (𝑃∗𝑄𝑃∗ − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡 − 𝜃𝐼 ≥ �̅�
𝑇

0
              (9) 

To solve the above optimization problems, we have 

employed the Lagrangian function method to incorporate 

Equation (9) into the objective function. When the 

concession period 𝑇 is optimized, Equation (9) will become 

an equation instead. In other words, an optimized concession 

period shall be long enough to guarantee that private sectors 

can earn a profit equal to its reservation utility yet not too 

long to make it gain an extra profit (Gross & Garvin, 2009). 

Thus, by using Lagrangian function method, Equations (8) 

and (9) are transformed into Equation (10): 

L = (1 − θ) ∫ (𝑃∗𝑄𝑃∗ − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡
𝑇

0
− (1 − 𝜃)𝐼 +

∫ (𝑃∗𝑄𝑃∗ − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡
�̅�

𝑇
+ 𝜆 [𝜃 ∫ (𝑃∗𝑄𝑃∗ − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡 − 𝜃𝐼 −

𝑇

0

�̅�]                                                                                     (10) 

where  λ  is the Lagrangian multiplier. The first order 

optimization condition for Equation (10) is listed below: 

𝜕𝐿

𝜕𝜆
= 𝜃 ∫ (𝑃∗𝑄𝑃∗ − 𝑀𝐼)𝑒−𝑟𝑡𝑑𝑡 − 𝜃𝐼 −

𝑇

0
�̅� = 0         (11) 

 Equation (11) can be further simplified as listed below: 

𝜃𝑃∗𝑄𝑝∗ (
1−𝑒−𝑟𝑇∗

𝑟
) − 𝜃𝑘1𝑘2𝐼−𝑠 (

𝑒𝑟𝑇∗
−1

𝑟
) − 𝜃𝐼 − �̅� = 0  (12) 

Through sorting Equation (12), the optimal concession 

period  𝑇∗ can be calculated. However, there are numerous 

parameters in the above equation and the expression is 

complex and nonlinear which makes it difficult to get an 

analytic solution. The following section will use numeric 

simulation methods to get a numerical solution for the 

optimized concession period 𝑇∗ , and also to explore the 

influences of different factors on it.  

 
Numerical Simulation for Optimal Concession 

Period 
 

In this section, numerical simulations are carried out to 

derive the optimal concession period under various 

circumstances. The model input parameters are listed in Table 

1. 
Table 1 

  

Basic Values for Input Variables 
 

Variables Definitions Units Values 

𝑄0 
initial traffic 

volume 
million per 

year 
4.5 

𝑏 integer not applicable 0.5 

𝑃∗ toll rate yuan per car  20 

𝑟 risk-free rate 
hundred 

percent 
4.9 % 

𝜃  private equity ratio 
hundred 

percent 
>50 % 

𝐼 initial investment  million yuan 1200 

�̅� opportunity cost million yuan 750 

𝑘1 integer not applicable 20 

𝑘2 integer not applicable 15 

s integer not applicable 1.2 
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Reasons for their values are discussed below.  

Firstly, when the concession period is optimized, the 

optimal toll rate 𝑃∗shall equal to average service level 𝑤 

according to Equation (7). The annual traffic volume at  𝑃∗ 

is only affected by the value of initial traffic volume 𝑄0 and 

integer 𝑏. In the above Table, values of  𝑄0, 𝑏 and 𝑃∗ are all 

determined based on similar PPP toll road projects in China. 

Under these conditions, the annual traffic volume Q* is 

calculated to be 7.5 million cars.  

Secondly, in China, the current bank debt rate of long-

term commercial loans for a period of over 5 years is 

stipulated to be 4.9 %, which can be used as an 

approximation for long-term risk free rate 𝑟. 

Thirdly, according to China’s relative regulations, the 

public sector can only act as a minority shareholder in a PPP 

project (Ji, 2016). In other words, the private sector should 

hold equity bigger than 50 %, which can be the lower limit 

of this factor. Thus, we used this value as the bottom value 

of private equity ratio 𝜃 in the simulation.  

Fourthly, values of I and �̅� are determined in reference 

to similar projects and expert opinions. Finally, values of  

𝑘1 , k2 and s are determined in reference to extant studies 

made by Yang et al. (2003). 

     For a PPP toll road with initial investment of 1.2 billion 

yuan, with parameters listed in the above Table 1, we can get 

the initial optimization result for the concession period to be 

21.66 years. This result is normal compared to similar 

projects, proving the applicability of the proposed model. 

Further, this model has selected five parameters, 

including r, 𝑃∗, 𝐼, 𝜃 and �̅�, to study their potential influences 

on the optimization of the concession period. The variation 

range of each parameter is divided into equidistant N 

sections with (N+1) points. Then the corresponding optimal 

concession period is calculated by introducing those newly 

generated points into Equation (12). 

(1) Risk free interest rate 𝑟 

In order to illustrate the impacts of risk free interest rate 

on the optimal concession period, we have set the range of 

risk-free interest rate 𝑟  to be [3.92 %, 5.88 %], i.e. 20% 

variation of the base interest rate of 4.9 %. In this variation 

range, the interest rate would change at 0.196 %, dividing 

the whole space into 100 equal parts. The curve of the 

optimal concession period is shown in Figure 1. 

 
 

Figure 1. Impact of Risk Free Interest Rate on Optimal 

Concession Period 

Source: Own elaboration 

Figure 1 shows that the optimal concession period 𝑇 is 

positively correlated with the risk free interest rate 𝑟. Yet, 

they are not linearly related, as can be seen from the 

gradually increasing slope of the curve. When the risk free 

interest rate 𝑟 varies from 3.92 % to 5.88 %, the optimal 

concession period increases from 18.88 years to 26.16 years. 

Reasons for this positive correlations may be that the 

discount rate of the project also increases with the uprise of 

risk free interest rate. As a result, the private sector needs to 

spend more in order to get enough financing for the project, 

which demands the concession period to be extended in 

order to make the project more profitable and break-even.  

(2) Toll rate 𝑃 

To examine the influences of the toll rate on the optimal 

concession period, the range of toll rate is set to be [16, 24], 

which varies 20 % around the basic value of 20 yuan. And it 

varies by 0.08 yuan at a time. The curve of the optimal 

concession period is shown in Figure 2 below. 

 
 

Figure 2. Impact of Toll Rate on Optimal Concession Period 

Source: Own elaboration 
 

The influence of toll rate 𝑃  on optimal concession 

period 𝑇 is complicated. On one hand, by increasing the toll 

rate, it becomes easier for private sectors to collect economic 

revenue, which means they can probably achieve the same 

profit in a shorter concession period. As can be seen in 

Figure 2, the optimal concession period decreases from 

34.83 years to 16.06 years as the toll rate increases from 16 

yuan per car to 24 yuan per car. 

On the other hand, the traffic flow will be suppressed 

with the increase of the toll rate. Fewer drivers would choose 

to use the lanes if the toll rate has been raised to higher levels 

(Lou et al., 2011). Thus, as the toll rate increases, the total 

traffic flow will decrease. Under the combined action of 

these two forces (i.e. increasing toll rates and decreasing 

traffic flows), the optimal concession period decreases in a 

reducing speed as reflected in Figure 2. 

When the toll rate increases from 16 yuan to 20 yuan, 

the optimal concession period decreases from 34.83 years to 

21.66 years, representing an average decreasing rate of 3.29 

years per yuan. However, when the toll rate further climbs 

from 20 yuan to 24 yuan, the optimal concession period 

changes from 21.66 years to 16.06 years, representing an 

average decreasing rate of 1.4 years per yuan. Obviously, the 
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reduction of the optimal concession period caused by price 

growth has weakened gradually.  

(3) Initial Investment  𝐼 

In order to investigate the impacts of initial investment on 

optimal concession period 𝑇, the variation range of initial 

investment is set to be [960, 1440] and changes at 3.2 million 

yuan per time. The curve of the optimal concession period is 

shown in Figure 3 below. 

Generally speaking, optimal concession period grows 

gradually with the increase of initial investment. Reason for 

this phenomena is that private sectors need to expand the 

optimal concession period in order to recover the extra costs 

caused by the increase of initial investments. 

It should be noted that the curve is not a linear increase 

curve. Its slope is actually slowly growing with the increase 

of initial investment  𝐼. This can be proved by calculating the 

slopes of the first and second half of the curve. 

 

 

Figure 3. Impact of Initial Investment on Optimal Concession 

Period 

Source: Own elaboration 
 

When the initial investment increases from 0.96 billion 

yuan to 1.2 billion yuan, the optimal concession period 

increases from 18.13 years to 21.66 years, representing an 

average increase rate of 14.70 years per billion yuan. For the 

second half of the curve, the initial investment increases 

from 1.2 billion yuan to 1.44 billion yuan, the optimal 

concession period increases from 21.66 years to 25.93 years, 

representing an average increase rate of 17.79 years per 

billion yuan. 

The following is a brief explanation for this 

phenomenon. As discussed in Assumption 3, the increase of 

initial investment usually comes with improvement in the 

quality of toll road projects, which further leads to the 

decrease of operation and maintenance cost 𝑀𝐼. However, 

this savings of 𝑀𝐼 are not linear and are actually diminishing 

with the increase of 𝐼. This can be seen from 𝑀𝐼 = 𝑘1𝑘2𝐼−𝑠, 

where 𝑠  is an positive integer bigger than one. Since the 

operation and maintenance cost 𝑀𝐼 reduces in a decreasing 

speed, the optimal concession period would have to grow 

with a slightly increasing speed in order to compensate for 

the increase in initial investment.  

(4) Private Equity Ratio 𝜃 

As discussed in Table 1, the bottom value for the private 

equity ratio is set to be 50 %. To be in consistent with 

previous analysis, the variation range of private equity ratios 

is set to be [0.5, 0.75], which marks a 20 % increase or 

decrease at the basic value of 0.625. And it changes at 

0.0025 per time. 

 

 

Figure 4. Impact of Private Equity Ratio on Optimal Concession 

Period 

Source: Own elaboration 
 

Generally speaking, the optimal concession period 

decreases with the increase of private equity ratio. Even 

though the private sector needs to take more financing, the 

relative pro rata dividends also increase with the rising of 

equity ratio. Obviously, in this project, the influence of 

increase in prorated dividends has surpassed increase of 

equity investment and became a dominant force. Thus, the 

optimal concession period shall be shortened since more 

economic gains are reaped every year when the private 

equity ratio increases. 

The optimal concession period decreases in a diminishing 

speed. When the private equity ratio increases from 50 % to 

62.5 %, optimal concession period decreases from 27.17 

years to 21.66 years, representing a decreasing speed of 4.41 

years per 10 percent. When the private equity ratio further 

increases from 62.5 % to 75 %, optimal concession period 

decreases from 21.66 years to 18.67 years, representing a 

decreasing speed of 2.39 years per 10 percent.  

(5) Reservation Utility �̅� 

To examine the effects of reservation utility on the 

optimal concession period, the range of reservation utility is 

set to be [100, 500] and varies by 10 million yuan at a time. 

 
Figure 5: Impact of reservation utility on optimal concession 

period 

Source: Own elaboration 
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As can be seen from Figure 5, the optimal concession 

period generally increases with the growth of reservation 

utility of private sector. As discussed in Equation (9), private 

sector chooses to participate in the PPP toll road project only 

when the economic gain it gets is no less than the reservation 

utility it can achieve by taking advantages of other 

investment opportunities. Thus, with the increase of 

reservation utility, the optimal concession period needs to be 

lengthened in order to keep the project financially attractive 

to private sectors. 

This curve is also not linearly increasing. When the 

reservation utility increases from 0.6 billion to 0.75 billion, 

the optimal concession period increases from 18.12 years to 

21.66 years, representing an average increase speed of 2.36 

years per 0.1 billion. When the reservation utility increased 

from 0.75 billion to 0.9 billion, the optimal concession 

period increases from 21.66 years to 25.94 years, 

representing an average increase speed of 2.85 years per 0.1 

billion. 

 
Discussion 

 

This study aims to explore the optimization of the 

concession period, which is an important issue for the 

successful implementation of PPP toll roads. While several 

previous research works are related to this topic, they are 

generally limited for the neglecting of public equity and time 

value of money. 

The main contribution of this paper is the detailed 

introduction of a gaming model which can be applied to 

determine the optimal concession period that satisfies both 

participants. This new model has been solved using 

backward induction methods. Also, a series of numerical 

simulations are applied in order to show the influences of 

different factors, such as risk free interest rates, toll rates, 

initial investments, etc. 

This approach is an extension to the traditional studies 

using game theory. The influences of public equity and time 

value of money are incorporated into the model. Rather than 

offering an analytical solution, the proposed model offers a 

very complex numerical solution. To explore its properties, 

we have used a series of numerical simulations which have 

virtually shown the changes of optimal concession period in 

a variety of different circumstances.  

Nevertheless, this study also bears several limitations as 

follows: 

 

 This model uses the economic gains of public sectors 

as an approximation of public interests and the model is 

generally built from an economic or financial perspective. 

This approach has made it easier to quantify relative factors 

and construct the model. However, the determination of the 

concession period may be influenced by other non-economic 

or political factors in real life (Tiong, 1990).  

 The effective application of the model depends on the 

necessary information of the project, such as factors’ initial 

values and their variation ranges. These values may not be 

readily available or might be predicted in an inappropriate 

way, which may have a potentially negative impact on the 

model outputs. To solve this problem, project participants 

should address efforts to the precise predictions of future 

forecasts. 

Notably, this paper by no means intends to cover the 

optimization of the concession period in its entirety, but 

rather to provide instructions for public and private sectors 

on this issue. As a line of future research, there are also 

several interesting directions that can be explored in this area, 

such as the variations of the optimal concession period when 

multi-factors are changing simultaneously or when the 

model’s initial assumptions have been further relaxed.  

 
Conclusions 
 

 By combining the financing characteristics of PPP 

modes and the operation characteristics of toll roads, this 

paper has established a mathematical gaming model that 

satisfies the respective interests of public and private sectors. 

The method of backward induction is used to solve the 

model and numerical simulation is conducted to draw the 

following several major conclusions. Firstly, the optimal toll 

rate should be determined in reference to the average level 

of services provided by the private sector. Secondly, the risk 

free interest rate, initial investment and reservation utility 

are factors positively correlated with the optimal concession 

period. And the optimal concession period grows with a 

slightly increasing speed with the increment of those above 

mentioned factors. Thirdly, the toll rate and the private 

equity ratio are negatively correlated with the optimal 

concession period. The optimal concession period declines 

with a decreasing speed with the increment of the toll rate. 

The mathematical gaming model developed in the 

current paper can effectively identify the optimal concession 

period for a PPP toll road. The results can also provide useful 

guidance for public and private sectors of PPP projects in 

negotiations on related issues.  
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